I. INTRODUCTION
There is a lot of work on the Wigner function W (x, p) and the Weyl function W (X, P ) for the harmonic oscillator. Here x, p are the position and momentum and X, P are position increment and momentum increment. The Wigner function shows the quantum noise in the state and the Weyl function is a generalized correlation function (it shows the overlap between the displaced function and the original function).
When two functions f (q 1 , ..., q N ) and F (Q 1 , ..., Q N ) are related through a Fourier trasform (in any context), we can introduce the 2N -dimensional phase space q i − Q i and in it we can define Wigner and Weyl functions. Since the Wigner and Weyl functions are related through a two-dimensional Fourier transform, the concept of the extended phase space x − p − X − P has been considered in refs [1, 2] . An extended Wigner function W(x, p, X, P ) has been introduced, which is a quartic function of the wavefunction and which shows fourth order interferences. It has been shown that there are uncertainty relations for δxδP and also for δP δx which for pure states are related to the usual uncertainties ∆x, ∆p, but for mixed states they are very different. The formalism provides a deeper insight into the connection between quantum noise and quantum correlations.
In this paper we extend this work to quantum systems where the position and momentum take values in Z(d) (the integers modulo d) and the Hilbert space is finite dimensional (reviews with extensive lists of references have been presented in [3] ). Recently there has been a lot of work on Wigner and Weyl functions for such systems [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Here we introduce the extended phase space x − p − X − P where x, p, X, P ∈ Z(d). In it we define the extended Wigner function W(x, p, X, P ) and the extended Weyl function W(x ′ , p ′ , X ′ , P ′ ), and study their properties. In section II we first state without proof known facts from the theory of finite quantum systems, in order to establish the notation [3] . We then introduce the Legendre states, which are related to the Legendre symbol [14] . In section III we discuss briefly the Wigner function W (x, p) and the Weyl function W (X, P ) for finite quantum systems. They are related to second order interference.
In section IV we introduce the extended Wigner function W(x, p, X, P ) and the extended Weyl function
. We explain that they are related to fourth order interference and discuss their marginal properties. We also present numerical results for several examples.
We conclude in section V with a discussion of our results.
II. FINITE QUANTUM SYSTEMS
A finite quantum system with a d-dimensional Hilbert space is considered. There are problems in defining Wigner and Weyl functions in the 'Fermi case' that d is an even number [3] , and for this reason in this paper we consider the 'Bose case' that d is an odd number. Let |X ; m be an orthonormal basis of 'position states'. Here X is not a variable, it simply indicates position states. m is a variable and takes values in Z(d). The Fourier operator is defined as:
Another orthonormal basis, the 'momentum states' is defined as
Here P is not a variable but it indicates momentum states. Throughout the paper = Ω = 1 where Ω is a unit for momenta and Ω −1 is a unit for positions. The momentum is the ratio of the physical momentum over Ω and it is a dimensionless number in Z(d), and the position is the physical position times Ω and it is a dimensionless number in Z(d). All quantities in the figures below, are dimensionless.
An important relation which is used in the proof of many formulas below, is
where δ(m, ℓ) is Kronecker's delta (it is equal to 1 when m = ℓ modulo d).
The position-momentum phase space is the toroidal lattice
In it we define the displacement operators
where α, β ∈ Z(d). The general displacement operators are defined as
We note that since d is an odd number the 2
. The operators D(α, β)ω(γ) form a representation of the Heisenberg-Weyl group. Acting with Fourier transform on the displacement operator we get:
The parity operator Π 0 around the origin, is defined as
The parity operator Π(x, p) around the point (
A. Eigenstates of the Fourier operator
In the harmonic oscillator context the eigenstates of the Fourier operator exp(iπn/2), wheren is the number operator, are the number states. In the present context the Fourier operator is a d × d matrix and has d eigenvectors. The fact that F 4 = 1 shows that the eigenvalues are 1, i, −1, −i. It is known [15] that for d = 4m + 1 the multiplicity of these eigenvalues is m + 1, m, m, m, and for d = 4m + 3 the multiplicity of these eigenvalues is m + 1, m + 1, m + 1, m correspondingly.
In the case that the dimension d is an odd prime number p, there is an eigenvector of the Fourier operator F , which is related to the Legendre symbol [14] (n|p):
• (n|p) = 1 if n = 0 (mod p) and there exists x such that x 2 = n (mod p);
It is well known that
We define the Legendre states as
Similar states have been used for quantum algorithms in [16] . We can show that
It is a well known result in the theory of Gauss sums [14] that λ = 1 if p = 4k + 1 and λ = i if p = 4k + 3.
We also define the displaced number states
where α, β ∈ Z(p). Using Eqs. (7), (12) we show that
We next show that 1
This is a special case of a general relation
which is valid for an arbitrary operator Θ [3] .
III. WIGNER AND WEYL FUNCTIONS
Let Θ be an arbitrary operator with matrix elements
Its Wigner function W (x, p) where x, p ∈ Z(d), is defined as:
It is easily seen that if Θ = α 1 Θ 1 + α 2 Θ 2 where α 1 , α 2 are complex numbers, then
Its Weyl function W (X, P ) where X, P ∈ Z(d) are position increment and momentum increment, is defined as
The Weyl function is related to the Wigner function through a two-dimensional Fourier transform.
The Wigner function is related to the Weyl function through the inverse Fourier transform:
We next consider the operator Θ = |X ; n X ; m|. The corresponding Wigner and Weyl functions are
We can show that [S mn (x, p)] * = S nm (x, p). The S mn (x, p) form an orthonormal basis in the Hilbert space of functions of two variables. Indeed we show that 1
The first of Eqs (24) is proved by multiplying Eq.(23) by its complex conjugate and then perform the summation over x, p, using Eq.(3). The second part of Eqs (24) is proved in a similar way. The S mn (X, P ) also obey similar relations. The Wigner and Weyl functions of an arbitrary operator Θ can be expressed in terms of the S mn (x, p) and S mn (X, P ) as
The marginal properties of both the Wigner and Weyl functions have been discussed in [3] .
A. Second order interference
We consider the superposition of two orthogonal states
which is descibed with the density matrix
ρ m is the density matrix of a mixed state (the index 'm' in the notation indicates mixed state). σ describes the second order interference in the superposition of quantum states in Eq. (26) Eq.(19) shows that the Wigner function can be writen as
where W σ (x, p) is the part of the Wigner function which describes second order interference in the superposition of quantum states in Eq.(26) Similar comments can be made for the Weyl function.
B. Examples
All our examples are for the case d = 11. We consider the mixed state
We also consider the pure state fig.1 .
In figs.3,4 we plot the absolute value of the Weyl function for the pure state of Eq.(30) and the mixed state of Eq.(29). From these two figures it is seen that the second order interference terms, which are related to the matrix σ in Eq.(31), are at X = 3 and X = 8 in fig.3 .
In fig.5 , we plot the Wigner function for the Legendre state of Eq.(11).
IV. WIGNER AND WEYL FUNCTIONS IN EXTENDED PHASE SPACE
The extended Wigner function of a pair of operators (Θ 1 , Θ 2 ) is defined as
where x, p, X, P ∈ Z(d). In order to prove the above equality we substitute the Wigner functions with the Weyl functions using Eq.(22). Then we change the variables k, l into 2x − k, 2p − l respectively and perform the summation over X, P using Eq.(3). The corresponding extended Weyl function is given by
The equality is proved in a similar way as the equality in Eq.(32). We can show that the extended Weyl function is the four-dimensional Fourier transform of the extended Wigner function:
In order to prove this we insert Eq.(32) into Eq.(34) and perform the summation using Eq.(3). We note that the variables x ′ , p ′ , X ′ , P ′ are dual to the variables P, X, p, x, correspondingly. We next show that:
In order to prove this we take the complex conjugate of Eq.(32), we change the variables k, l into 2x − k ′ , 2p − ℓ ′ and perform the summation over k ′ , ℓ ′ , using Eq.(3). Most of the properties below will be for the 'extended auto-Wigner' function, i.e., for the case for which Θ 1 = Θ 2 = Θ. In this case we use the simpler notation W Θ (x, p, X, P ) (and similarly for the Weyl function). From Eq.(35) it follows that W Θ (x, p, X, P ) is real. We also prove that
In order to prove this we take the complex conjugate of Eq.(33), we change the variables k, l into x ′ + k ′ , p ′ + ℓ ′ and perform the summation over k ′ , ℓ ′ , using Eq.(3). In the special case Θ = |X ; n X ; m|, we easily show that
Using these relations, we express the extended Wigner function of an operator Θ with matrix elements given in Eq.(17), as
Similarly we express the extended Weyl function of Θ as
A. Fourth order interference
We consider the mixed state described by the density matrix ρ m in Eq.(27). Inserting W ρm (x, p) from Eq.(28) into Eq.(32) we prove that the extended Wigner function can be written as
We next consider the pure state described by the density matrix ρ in Eq.(27). Inserting W ρ (x, p) from Eq.(28) into Eq.(32) we prove that the extended Wigner function can be written as
where σ has been given in Eq.(27). It is seen that the extended Wigner functions of both ρ m and ρ have fourth order interference terms. The W ρm (x, p, X, P ) has the U ρm (x, p, X, P ). The W ρ (x, p, X, P ) has the V ρm (x, p, X, P ) which is equal to U ρm (x, p, X, P ) plus some extra terms.
B. Marginal properties
In the following context we represent some properties of the extended Wigner function in Eq.(32) and the extended Weyl function in Eq(33) where we consider systems with odd dimension d. We refer to the Wigner and Weyl functions in Eqs. (18), (20) . For the extended Wigner function we got:
In order to prove these relations, we use Eqs.(32) and perform the summation over the variables, using Eq.(3). The proof of the last of these equations requires the relation [3] 1
In a similar way we prove the following relations for the extended Weyl function
We have explained earlier that for odd d, the inverse of 2 in Z(d) exists. We can also prove the following properties which include squares of the extended Wigner functions
They are proved if we multiply Eq.(32) with itself and perform the summation using Eq.(3). The proof of the last of these equations requires Eq.(43).
In a similar way we prove the following relations that involve the squares of the extended Weyl function:
C. Examples
In figs.6,7 we plot the extended Wigner function W ρ (x, p, 0, 0) for the pure state of Eq.(30) and the mixed state of Eq.(29), correspondingly. Comparison of these figures shows that in both cases we have fourth order interference terms, which in both figures are located at x = 4 . They are different in the two cases as has been explained in Eqs(40),(41).
The W ρ (0, 0, X, P ) is the same for both the pure state of Eq.(30) and the mixed state of Eq.(29), and it is shown in fig. 8 . It is seen that in the example that we have considered, fourth order interference terms are zero, when x = p = 0.
In Figures 9,10 we present the extended Wigner function W ρ (x, p, 0, 0) and W ρ (0, 0, X, P ) for the Legendre state.
V. DISCUSSION
We have extended recent work on phase space methods for finite quantum systems, by introducing the concept of the extended phase space x − p − X − P where x, p, X, P ∈ Z(d). In Eqs(32),(33), we have introduced the extended Wigner function W(x, p, X, P ) and the extended Weyl function W(x ′ , p ′ , X ′ , P ′ ) which are related through the Fourier transform of Eq.(34). They obey the marginal relations in Eqs.(42),(44),(45),(46). From a physical point of view, we have explained that they are related to fourth order interference.
In the example of Eq.(27), we have considered a pure state described with the density matrix ρ and a mixed state described with the density matrix ρ m , where the off-diagonal terms are absent. We have seen in Eq.(41), that the extended Wigner function has fourth order interference terms in both of these cases, although in the case of the pure state there are some additional terms.
The concept of the extended phase space can provide a deeper understanding to interferences in finite quantum systems.
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